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The class of iterating functions of C(S’, S’) for which the method of successive 
approximations converges for any starting point is characterized; such charac- 
terization is given by (i) the existence of a fixed point; (ii) the non-existence of 
periodic points of an even period. 0 1985 Academic PI+ IIIC. 
1. INTRODUCTION 
Let S’={ZECI jzI=l) and C(S’, S’) be the class of continuous 
functions defined on S’ with range on S’; we consider the method of suc- 
cessive approximations 
zn+ 1 =f(z?J, 20 E 9, j-E C(S’, 9). (1.1) 
We notice that any z, is well defined and the method of successive 
approximations is said to be globally convergent for f, if the sequence (1 .l ) 
is convergent for any starting point z0 E S’. 
Some authors [2,3, lo] have extended both the Sarkovskii’s theorem 
[9] about the coexistence of cycles of a continuous map of a line into itself 
on S’ and T. Y. Li and J. A. York’s theorem [ 131 about chaotic behaviour. 
In this paper, we want to extend global convergence results on S’. We 
remember that S. C. Chu, R. D. Moyer, and others [l, 5,6,7, 121 have 
characterized the functions of C(Z, I), where I is a compact interval of R, 
for which such global convergence exists. We need the following extension 
by B. Messano [7], that we shall use in the following form. 
* Work performed under the auspices of the Centro Interuniversitario Nazionale di Analisi 
Numerica e Matematica Computazionale. 
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LEMMA 1.1. Let F: R + R he continuous; if F2 = F c F has the same fixed 
points of F, and iffor x0 E R the sequence 
X n+,=F(x,) (1.2) 
is bounded, then rhe sequence (1.2) is contlergent 
We observe that the global convergence problem on S’ is of particular 
importance in numerical analysis. As an example we use the iterating 
function of Newton d(x) =.Y- p(.r)/p’(.u) (p(x) a polynomial with real 
coefficients) as a continuous transformation on a real one-dimensional pro- 
jective space into itself, or as a continuous transformation on S’ into itself, 
avoiding in this way the discontinuities. 
For a complete explanation we present some results on the existence of 
periodic points obtained in [2, 3, lo], using homology or the concept of 
fcovers, in a form which is less complete but more important for our 
needs. 
The following notions will be useful for the process [8]: 
(a) ./“=.I; f”=f” ‘:A forn22; 
(b) ‘c E S’ is said to be a fixed point if f( M:) = w; 
(c) H’ E S’ is said to be a periodic point of periodic n 2 2 if f “(w) = H 
and fk(w)#w for 1 <k<n; 
(d) P: R -+ S’ is the standard universal covering given by the formula 
P(x) = exp(2ni.u); 
(e) F~C(R,R)issaidtobealiftingoff~C(S’,S’)iff~P=P~F, 
from which f” 0 P = P 2 F for every n 2 1; 
(f) every fE C(S’, S’) allows at least one lifting; 
(g) two lifting of the same function differ by a constant; 
(h) for every f~ C(S’, S’) there exists a relative integer denoted by 
deg./; such that F(.r+ l)=F(x)+deg/ for any XE R; 
(j) deg(/“)=(deg.f)“for every fEC(S’,S’); 
(k) if, for .YE R, m is a relative integer, and F(x)=.u+m; then it 
follows that F”(.Y + k) = x + ma, + k(deg,f)” for any n 2 I and k a relative 
integer, where u, = x:= ‘,’ (deg f )‘; 
(1) if deg.f# 1, then ,f has a fixed point. 
In the following paragraph we shall prove that for each Z~E S’, the 
sequence (1.1) is convergent iff ,f verifies the following two properties: 
(i) f has at least one fixed point; 
(ii) no periodic points exist of an even period. 
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We note that conditions (i) and (ii) are necessary for global convergence; 
neither of the two can be weakened. For (i) the rotations with an irrational 
rotation number [8] are a counterexample, for (ii) the counterexample is 
that reported in [2], where a function with a Iixed point and a periodic 
point of an arbitrary period n without period points of period k < n is 
shown. 
2. GLOBAL CONVERWWE 
In this paragraph we shall show that conditions (i) and (ii) imply global 
convergence. We indicate a generic function of C(S’, S’) by f; and its 
lifting by F. Then we have 
LEMMA 2. I. The method of the successive approximations is globally con- 
vergent for f iJ‘F does not have periodic points qf period two and ly, for every 
x0 E R, the sequence ( I .2) is bounded. 
Proof: For Lemma 1.1, for every xg E R, sequence (1.2) is convergent 
and the conclusion follows from f ’ I P = P p F for every n > I. 
In order to apply the previous lemma we need some technical lemmas. 
LEMMA 2.2. For every .Y E R, P(x) is a fixed point of.f iff F(x) - x is a 
relative integer. 
Proof The proof is trivial. 
LEMMA 2.3. For .TE R, if 
(I ) n > 2, h. a relative integer, exists such that F(x) = .Y + h; 
(2) u relative integer m does not exist such that F(x)=x+m; then 
P(x) is a periodic point of J 
Proof: The proof follows simply from the previous lemma. 
LEMMA 2.4. If’we have, for x E R, 
(I ) n 3 2, a relative integer h exists such that F”(x) =x + h; 
(2) h # ma,.fiw m relative integer; 
then P(x) is u periodic point of a muximum n period. 
Proof: For (l), P(x)= P(x +h)= P.- F(x)= f  “(P(x)), and P(x) is a 
lixed point of . f  n. If P(x) is also a fixed point of /; for Lemma 2.2, a relative 
integer m exists such that F(x) =x + m; moreover, F(x) = x + ma,, from 
which it follows that h = ma,,, and the conclusion follows for (2). 
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LEMMA 2.5. If deg .f # - 1 and F has a periodic point of period two, then 
f has a periodic point of period two. 
ProoJ Suppose that for IE R F(x) # x, F’(x) =x, and that P(x) is a 
fixed point of 1: Then for Lemma 2.2 a relative integer rn # 0 exists such 
that F(x) = x + m. Therefore we have 
from which follows deg j’= - 1 
LEMMA 2.6, If deg f < -2 or deg.f> 1, then .f has a periodic point of 
period two. 
Prooj: Since deg .f # 1, there are fixed points for J Then an .Y E R and a 
relative integer i exist such that F(x) = x + i. It follows that F*(x + h) - 
(x + h) = iaz + h(deg f * - I ) with h a generic relative integer. The function 
F’(x) -x assumes all the values of R and also assumes a value h # maI 
(since Us # f 1) with a generic relative integer m. For Lemma 2.4, f has a 
periodic point of period two. 
LEMMA 2.7. !f deg f = -2, then f has a periodic point of periods three 
and jour. 
ProoJ Since deg f * # 1, from the previous lemma, f * has a periodic 
point of period two and therefore j’ has a periodic point of periodic four. 
Moreover, since a3 # +l, the conclusion follows, by repeating the proof of 
the previous lemma. 
From the previous lemmas we have 
THEOREM 2.1. lf‘f .sati.$ec’s (ii), then Idcg/‘I 6 1. 
We shall consider various cases, according to different values of deg,f: 
I. degj‘= 1 
LEMMA 2.8. [f x, y E R and tww relative integers m, and m, e.rist such 
that m,#m,, F(.u)=.r+m,, F(y)=y+m,, then f has a periodic point oj 
period two. 
Proof: In order to be precise let m, cm,; therefore h odd exists, such 
that 2m, <h < 2m, and we have F*(x) - x - h = 2m, - h -C 0, F*(y) -y - 
It = 2mz - h > 0. Then p E R exists such that F*(p) = p + h for the continuity 
of F’. 
Since h is odd for Lemma 2.4 WC have the conclusion. 
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LEMMA 2.2. if f verifies (i) and (ii), then the method of the successive 
approximations is globally convergent for jI 
ProoJ: For (i) aE R and a relative integer m exist such that 
F(a) = a+m and also F(a) =a+m for every n 2 1. For (ii) f n does not 
have periodic points of period two and, since deg f n = 1 for Lemma 2.8 we 
have 
m-1 <F(.u)-x<m+ 1 for any XE R and nB 1. (2.1) 
For (ii) and Lemma 2.5, F2 does not have a point of period two and for 
(2.1) and Lemma 2.1 the proof is obtained. 
II. degf=O 
THEOREM 2.3. If f does not have periodic points of period two, then the 
method of the successive approximations is globally convergent for j: 
Proof It follows from deg f  = 0 that the range of F on R is a compact 
interval and the sequence ( I .2) is bounded for every x,, E R. F does not have 
periodic points of period two for both the hypothesis and Lemma 2.5; the 
conclusion is made from Lemma 2.1. 
We note that, in the case of deg f  =O, the conditions (i) and (ii) are 
equivalent to the hypothesis of the previous theorem. 
III. degf = -1 
THEOREM 2.4. tf f  verifies (ii), then the method qf the successive 
approximations is glohall~y convergent for f:  
Proof: Since deg f  # I, f  has a fixed point and also satisfies condition 
(i). Then f  2 satisfies both (i) and (ii) and degf * = 1. The odd and even 
subsequences of (1.2) converge at fixed points of f’ for Theorem 2.2, for 
every z0 E S’; the conclusion follows from (ii). 
3. CONCLISIONS 
We consider two examples in which condition (ii) is weakened. 
Let f  be non-surjective; then (ii) is reduced to requiring the non- 
existence of periodic points of period two, in fact, in this case, deg f  = 0. 
Let f  be a one-to-one map; then, if f  preserves the orientation and has a 
tixed point, (ii) is verified. In fact, let c(: be a fixed point, z0 E S’ a generic 
element, and z, = f(z,), then we can have zO, z, , w  in one of the two orien- 
tations; and, since f  preserves the orientation, we have that zO, z,, z2..... 
A”,..., w  are orientated in the same way. 
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If f reverses the orientation, then f has two fixed points [8], and f“ 
preserves the orientation; therefore (i) is verified; (ii) is equivalent to the 
non-existence of periodic points of period two. 
The previous results still have a marginal importance in the study of the 
global convergence of iterative methods of Newton and other similar types; 
since the version of these methods on S’ has deg f > 1 and, for some of 
them [ 11, p. 343 the convergence has been proved, with the exception of a 
zero measure set. Therefore it is essential to turn our attention to those 
iterative processes for which the convergence holds, with the exception of a 
countable or Cantor set. 
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